There is a well-known short list of asymptotic conserved quantities for a physical system at spatial infinity. We search for new ones. This is carried out within the asymptotic framework of Ashtekar and Romano, in which spatial infinity is represented as a smooth boundary of space-time. We first introduce, for physical fields on space-time, a characterization of their asymptotic behavior as certain fields on this boundary. Conserved quantities at spatial infinity, in turn, are constructed from these fields. We find, in Minkowski space-time, that each of a Klein-Gordon field, a Maxwell field, and a linearized gravitational field yields an entire hierarchy of conserved quantities. Only certain quantities in this hierarchy survive into curved space-time.
I. INTRODUCTION
In the description of isolated systems in flat space-time, conserved quantities have often been found to be useful. Examples of such conserved quantities include electric charge, energymomentum, angular momentum, and, in certain circumstances, various multipole moments.
These conserved quantities are usually expressed as surface integrals in the limit as the surface approaches infinity. In general relativity, by contrast, the construction of such conserved quantities is more complicated. Not least of these complications is that "infinity" is so much more difficult to pin down in the presence of curvature.
The study of isolated systems in general relativity was pioneered by Arnowitt, Deser and Misner 1 They defined asymptotic flatness of a space-time in terms of the existence of an initialdata set which, expressed in suitable coordinates, has the initial data approach the flat values at suitable rates. Conserved quantities, such as energy-momentum and angular momentum, were then be expressed as limits of certain surface integrals.
One unfortunate aspect of the approach of Arnowitt, Deser and Misner is that their asymptotic conditions are tied so closely to coordinates. Their approach was subsequently geometrized and extended by Geroch 2 via a conformal completion by a single point "at spatial infinity".
Multipole moments for certain fields in flat space-time were generalized to static asymptotically flat space-times within this framework 3 An alternative geometrical framework, which unifies spatial and null infinity and is thus adapted to the relation between these two asymptotic regimes, was introduced by Ashtekar and Hansen 4 This framework involves a conformal completion of the entire space-time, null infinity becoming a null cone with spatial infinity its vertex. This framework is used, for example, both to formulate and to prove the assertion that the ADM mass is the past limit of the future Bondi mass 5 .
In both of the geometrical frameworks outlined above spatial infinity is squeezed into a point, and there smoothness of the completed manifold fails. So, inevitably, one is forced to deal with complicated differentiable structures there. This circumstance is less satisfactory than that of null infinity, which is formulated as a smooth boundary of space-time. Early attempts to restore smoothness to spatial infinity include those of Sommers 6 and Persides 7 . Beig and Schmidt 8, 9 , using a coordinate-dependent treatment similar to that of Bondi et. al 9 , obtained fields on the surface at spatial infinity order by order, and noticed that these fields there satisfy hyperbolic equations. This work culminates in that of Ashtekar and Romano 11 , who introduced a new geometrical framework for asymptotic flatness in which spatial infinity was indeed expressed as a smooth boundary of space-time. Their definition also provided a natural geometrical setting for the results of Beig and Schmidt. Ashtekar and Romano's framework is somewhat of a hybrid, in that it involves both the conformal and projective structure. By their definition, a space-time is asymptotically flat at spatial infinity provided one can attach to it a smooth boundary H and introduce a smooth function Ω vanishing at H such that the induced metric on and the normal to the constant-Ω surfaces are, after rescaling by suitable powers
of Ω, smoothly extendible to H. This new definition has proven to be useful in the study of asymptotic properties of space-time at spatial infinity since various physical fields turn out to be smooth there.
We return now to conserved quantities. It is natural to ask: Do, in some sense, the wellknown conserved quantities-energy-momentum, angular momentum, electric charge-at spatial infinity exhaust all conserved quantities that could possibly be defined there? To settle this question would clearly provide insights into the asymptotic properties of the physical fields and of the space-time. The framework introduced by Ashtekar and Romano is perfectly suited to addressing this question. One has a simple, universal smooth structure at spatial infinity enabling one to investigate fields at spatial infinity order by order. The notion of a conserved quantity had already been formulated by Ashtekar and Romano: Each conserved quantity is to be expressed as an integral over a 2-sphere section of spatial infinity where the value of the integral is independent of section. In particular, the well-known conserved quantities are so expressed. We seek others.
This paper is organized as follows. Section II contains the basic framework, which underlies the rest of the paper. We first review briefly (a slight modification of) the Ashtekar-Romano definition of asymptotic flatness. We then formulate within this framework the asymptotic structure of the physical fields. In particular, we introduce the notion of a conserved quantity, and give some familiar examples. In section III, we consider the special but important case of fields in Minkowski space-time. We construct all linear conserved quantities associated with a Klein-Gordon field, with a Maxwell field, and with a linearized gravitational field and having a certain "polynomial dependence" on asymptotic translations. We then study the symmetry properties and the "gauge behavior" (dependence on a certain freedom in the formulation of asymptotic structure) of these quantities. In section IV, we consider fields in a curved, asymptotically flat space-time. We first derive the equations, at spatial infinity, satisfied by the asymptotic fields. We then show that-at least in the Klein-Gordon and Maxwell cases-certain of the conserved quantities found in section III for Minkowski space-time can be generalized to these curved space-times. In section V, we discuss various related issues. In particular, we formulate two conjectures. One asserts that a certain conserved quantity for linearized gravity in Minkowski space-time can be generalized to curved space-time. The other asserts that we have here found all conserved quantities in curved space-time for Klein-Gordon, Maxwell and gravitational fields.
II. PRELIMINARIES A. Asymptotic Flatness
Fix a space-time (M,g ab ).
Definition 1 By a completion of (M,g ab ), we mean (c. satisfying the following three classes of conditions:
(1)The combinations (i)∇ a Ω, (ii)Ω
−4gab∇
b Ω (≡ n a ), and (iii) The boundary H represents spatial infinity. Conditions (1) describe the fall-off behavior of the metricg ab and conditions (3) that of its second derivative. Conditions (2) ensure, among other things, that we are dealing with (all of) spatial infinity. There is some redundancy in the above conditions. Specifically, the constancy both of the left side of (1)(iv) and of the curvature of q ab already follow from the other conditions. In light of this, the choice of the constant "1" in condition (1)(iv) (which is equivalent to the demand that 0 q ab be the metric of a unit hyperboloid) serves only to restrict the freedom of multiplying Ω by a constant factor. 14 Indeed, let x µ be a usual Minkowskian coordinate system in Minkowski space-timeM , and c µ any constant vector. Then the hyperbolic coordinates associated with x µ given by x µ = x µ − c µ log Ω yield a new completion ofM inequivalent to that arising from x µ . In this case we can single out the usual completion to be the preferred one among this four-parameter family since it is the only one in which all Killing fields are smoothly extendible to the boundary at spatial infinity. Similarly, any stationary asymptotically flat space-time admits at least a one-parameter family of inequivalent completions, arising from logarithmic time-translations.
Condition (1)(v) is essentially the condition,
There is also a sort of converse to this: the existence of two inequivalent completions related by such a logarithmic translation implies that the space-time admits an asymptotic translational Killing field-a vector fieldξ a with the properties that Ω −1ξa is smoothly extendible to, and vanishes nowhere on, H; and that∇ (aξb) and all its derivatives vanishes on H. In the spatialinfinity framework of Geroch and Ashtekar-Hansen, it has been shown by Chrusciel 15 that these logarithmic translations are the only kind of inequivalent completions that may arise. We conjecture in the present framework: Any two inequivalent completions are related by such a logarithmic translation. If this conjecture is true, then our work will not be affected by the possible existence of inequivalent completions. In what follows we will always fix a specific completion and only consider completions smoothly related (i.e., equivalent) to the fixed one.
B. Physical Fields and Their Remnants
We now set up the framework for dealing with the asymptotic structure of physical fields. Let (M,g ab ) be a space-time, with (M, Ω) a completion. Thus, an asymptotically regular physical field gives rise, on M, to 2 m smooth fields, with ranks ranging from m down to zero, whose behavior near H reflects the asymptotic behavior of the physical field. Let u a 1 ···am denote any one of these fields. Then set, for k any non-negative integer, 
where we have introduced certain powers of λ and have used the trace-reversed version ofT ab in defining T ab for later convenience. We denote by
T ab , the remnants of T , T a , and T ab respectively. For the third example, consider the Weyl tensor,C abcd , of this space-time. It is shown in Appendix C (c.f. the discussion around eqn.(C14)) that this field is asymptotically regular of order 3. The u's in this case may be taken to be
Denote their remnants 
There remains, as it turns out, some gauge freedom in the present framework. , that one can, utilizing this gauge freedom, always achieve
and that this exhausts the gauge freedom associated with the remnants 
C. Asymptotic Translations
In order to construct conserved quantities, it will be convenient to have at hand some facts about asymptotic translations. Denote by T the set of functions v on H satisfying the differential equation
where D a denotes the derivative operator of 0 q ab . This T is a 4-dimensional vector space (since, by virtue of the fact that the curl of eqn. (7) 
(from eqn. (7)),
(from the definition of η µν ), and
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D. Conserved Quantities
Now imagine that we were somehow able to find a divergence-free vector field, constructed from (the remnants of) some physical fields and the background geometry of H. Integrating (the dual of) this vector field over a 2-sphere cut (i.e., a non-contractible 2-sphere sub-manifold) of H, we obtain a number-one clearly independent of choice of cut. Think of such an integral as being the limit of an integral over a space-like 2-sphere in space-time, as the 2-sphere approaches the cut at spatial infinity. These integrals we call conserved quantities. In each of the examples we shall consider, the divergence-free vector field is multi-linear in α µ , 18 and so the conserved quantities may be viewed as a tensor over T .
We now give three well-known For the first example, letF ab be a Maxwell field onM, regular of order 2. Consider the right side of
where 0 E a is the (zero-th order) remnant of E a given by eqn.(4). Maxwell's equations imply the integrand above is divergence-free (c.f. eqn. (51)). Thus eqn.(10) defines a conserved quantity.
This Q is precisely the electric charge, for the right side of eqn. (10) is the limit of the integral of * F ab over a large space-like 2-sphere in the space-time as that 2-sphere approaches the cut C. For the second example, consider the right side of 
where µντ σ denotes the η-alternating tensor on T . In order for the integrand above to be divergence-free, we must impose on the space-time the additional condition 19 that
Under this additional condition, eqn.(12) defines a conserved quantity, which is a two-form over
T . This M µν is precisely 4 the total angular momentum of the space-time. . Thus, we may regard our quantity Q A as a tensor field on the 4-manifold T so defined that its value at
In short, the gauge behavior of our original quantity Q A is coded in the position dependence of this tensor field on T . The derivative of this tensor field reflects the behavior of the quantity under "infinitesimal gauge transformation". Indeed, from
we have
where ∇ µ denote the natural derivative operator on the 4-manifold T . As examples, consider the conserved quantities (10) Bab changes to
In terms of the corresponding tensor fields on the 4-manifold T , these become,
It follows that the total electric charge Q (10) and the 4-momentum P µ (11) are gauge invariant, and that 11 the angular momentum M µν (12) changes via
In terms of the corresponding tensor fields on the 4-manifold T , these become, respectively,
III. MINKOWSKI SPACE-TIME
We now apply the framework developed in the previous section to the study of conserved 
A. Remnant field equations
Here we derive the remnant field equations for Klein-Gordon, Maxwell, and linearized gravitational fields for later use in constructing conserved quantities. For what follows we fix a standard completion of Minkowski space-timeM and denote by D a the derivative operator associated with q ab on constant-Ω surfaces.
Letφ be a Klein-Gordon field onM asymptotically regular of order 1.
Taking the remnants of the above equation, we obtain,
for n = 0, 1, 2, ... . 
Taking the remnants of the above equations, we obtain
for n = 0, 1, 2, ... . Note that eqn.(23) imply
for n = 0, 1, 2, ... .
LetK abcd be a linearized gravitational field onM, i.e., a tensor field onM having the same symmetry and contractions as the Weyl tensor and satisfying the linearized Bianchi identity:
LetK abcd be asymptotically regular of order 3, so E ab ≡ Ω 
Taking the remnants of the above equation, we obtain
for n = 0, 1, 2, ... . Note that, eqn.(27) imply
Recall that the present framework is subject to a class of restricted gauge transformations (namely, replacements of Ω by Ω = Ω(1 + ωΩ)), which preserve the gauge conditions 
for n = 0, 1, 2, ... . Note that It is perhaps most natural to seek conserved quantities that are linear in the remnants, since, e.g., this category includes all well-known conserved quantities. 21 In this section we shall find all such conserved quantities for a Klein-Gordon field, a Maxwell field and a linearized gravitational field in Minkowski space-timeM. Again, we fix the standard completion ofM .
We begin with the Klein-Gordon field. Letφ be a Klein-Gordon field asymptotically regular of order 1, with remnants n φ.
Theorem 1 (i) The conserved quantities linear in this Klein-Gordon field consist precisely of the family
where
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(ii) The K µ 1 ···µ n−1 are totally symmetric and trace-free.
(iii) The behavior of K µ 1 ···µ n−1 under restricted gauge transformations is given by
We will refer to these K's as the remnant radiation multipoles of a Klein-Gordon field.
To see that eqn.(34) indeed defines a conserved quantity, take the divergence of the integrand, and use that both T is exactly that of ordinary multipole moments. The proof that the family given by eqn. (34) exhausts the linear conserved quantities in the Klein-Gordon case is outlined in Appendix B.
As an example of these remnant radiation multipoles, letφ = (f(t + r) − f(t − r))/r. Then,
), x > 0, are both smoothly extendible to zero, thisφ will be asymptotically regular of order 1. Then the remnants ofφ are given by
this example involve various derivatives of k ± at zero. Explicitly, the first two are given by (10)), and the family
for n = 1, 2, 3, ... .
(ii) The E µµ 1 ···µ n−1 are trace-free in all indices, totally symmetric in the indices µ 1 · · · µ n−1 , and
(iii) The gauge behavior of E µµ 1 ···µ n−1 is given by
We will refer to the E's as the remnant radiation multipoles of a Maxwell field. 
where we have set ξ a =w ab x b . Then, the remnant radiation multipoles ofF ab can be expressed in terms of those ofφ. For instance, we have E µν = Kw µν , where we have set
We turn finally to linearized gravity. LetK abcd be a linearized gravitational field asymptotically regular of order 3, with remnants n Eab and n Bab .
Theorem 3 (i)
The conserved quantities linear in this linearized gravitational field consist precisely of the mass-momentum (given by eqn. (11)), the angular momentum, (given by eqn. (12)), and
(ii) The G µνµ 1 ···µ n−1 are trace-free in all indices, totally symmetric in the indices µ 1 · · · µ n−1 , symmetric in indices µ, ν, and satisfy
(iii) The gauge behavior of G µνµ 1 ···µ n−1 is given by
We will refer to the G's as the remnant radiation multipoles of a linearized gravitational field.
To see that eqn. (41) indeed defines a conserved quantity, take the divergence of the integrand and use that 
Note that * G µνµ 1 ···µ n−1 also satisfies (ii) in theorem 3 and that * * G µνµ 1 ···µ n−1 = −G µνµ 1 ···µ n−1 . The proof that the quantities given by eqn.(41) exhaust the linear, gravitational conserved quantities is outlined in Appendix B. We omit the proof of the gauge behavior (eqn. (43)), which is similar to the Maxwell case. Examples of linearized gravitational fields, their remnants, and their remnant radiation multipoles can be constructed in a manner similar to that of the Maxwell case.
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One might expect, on physical grounds, that a static field would be characterized completely by its static multipole moments and that its remnant radiation multipoles would all vanish identically. This indeed turns out to be the case. See Appendix A.
IV. CURVED SPACE-TIME
It is natural to ask whether the remnant radiation multipoles constructed above for various fields in Minkowski space-time can be generalized to curved space-time. To address this issue,
we first obtain the remnant equations. Letφ be a Klein-Gordon field asymptotically regular of order 1, so, φ(≡ Ω −1φ ) is smoothly extendible to H. Then the Klein-Gordon equation onφ
where D a is, as before, the derivative operator on constant-Ω surfaces induced from∇ a . Evaluating (45) and its first two normal derivatives on H, we obtain, respectively,
For the n-th derivative, the equation that results has the form
where ... involves only remnants of φ of order ≤ n − 2.
Next, letF ab be a Maxwell field asymptotically regular of order 2. Then Maxwell's equations yield 0 =∇
Evaluating (50) and its first two normal derivatives on H, we obtain, respectively,
where 
where ... involves only remnants of E a , B a of order ≤ n − 2.
We turn finally to the gravitational field. The remnant field equations of order ≤ 2 were obtained by Beig and Schmidt 8,9 in the vacuum case under the gauge conditions (6). We here drop the assumption of vacuum and the gauge condition. See Appendix C for outline of our derivation. The zeroth-order equations are satisfied identically. The first-order equations are
The second-order equations are
The third-and fourth-order equations are not used in what follows and are collected in Appendix C, where we also rewrite the second-order equations in terms of the remnants of the Weyl tensor.
We turn now to the issue of whether or not the various conserved quantities that we defined in flat space-time can be generalized to curved space-time. Recall that a conserved quantity is given by the integral over a cut of H of a vector field v When it is, we say we have produced a generalization of our given flat-space conserved quantity.
Consider first the Klein-Gordon case. We have immediately from eqn.(47):
Theorem 4 The conserved quantity K (n = 1 in eqn.(34)) for the Klein-Gordon field in flat space-time admits a generalization, in the sense described above, to a conserved quantity in curved space-time, namely that given by
For the higher-order Klein-Gordon remnant radiation multipoles, we have 
where= stands for equality modulo Klein-Gordon remnants of order ≤ n − 2. But there exists no such u a µ 1 ···µ n−1 , as one sees by the following steps. First, add to v a µ 1 ···µ n−1 a divergence of an antisymmetric tensor field to achieve the form
with w µ 1 ···µ n−1 linear in 1 λ and ψ µ 1 ···µ n−1 , and from eqn. (65) and (49) satisfying
Second, replace every occurrence of 
which can never hold.
We turn next to Maxwell fields. We have 
Then the conserved quantity E µν (of eqn. (36)) for the Maxwell field in flat space-time admits a generalization to a conserved quantity in curved space-time, namely that given by
where we have set
where ψ is so chosen to satisfy D a ψ = 0 Ea .
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The integrand reduces, in flat space-time, to the integrand of E µν therein plus a divergence, The proof of theorem 7 is similar to that of theorem 5 and is therefore omitted.
V. CONCLUSION
We have constructed, for each of a Klein-Gordon field, a Maxwell field, and a linearized gravitational field in Minkowski space-time, a hierarchy of conserved quantities which we call the remnant radiation multipoles. In the cases of Klein-Gordon and Maxwell, we have generalized the remnant radiation monopoles to curved space-time. There follows a discussion of some outstanding issues.
Does the remnant gravitational monopole admit generalization to curved space-time? We conjecture that the answer is yes. In Appendix C we give the remnant field equations necessary for addressing this question. We also there display a candidate for a curved-space gravitational remnant monopole. This candidate has the attractive feature that its divergence, which could in principle have contained remnants or order as high as 3, contains only remnants of order ≤ 2.
Although the existence of this candidate lends some support to the conjecture, it is of course far from a proof of it. Work is in progress to settle this conjecture. We further conjecture that none of the higher-order remnant radiation multipoles for linearized gravitational fields admit generalization to curved space-time.
The way we introduced the Klein-Gordon and Maxwell remnant radiation monopoles in a curved space-time involves a quite strong fall-off condition, namely should not be too difficult to answer these two questions. A relevant observation 28 is that, in the case of Minkowski space-time corresponding conserved quantities in general take different values at spatial and null infinity. This result suggests that "remnant radiation" is capable of escaping between spatial infinity and null infinity. Recall that Newman, Penrose and Exton
29,30
have introduced certain conserved quantities at null infinity in curved space-time. Are these quantities analogs, in any sense, of the remnant radiation monopoles?
It is unfortunate that the present treatment of asymptotic quantities involves such complicated algebra. It is not entirely clear whether these complications are inherent in the subject itself, or merely a reflection of the present techniques. One case in which we know that these techniques are the culprit is that of stationary space-times. It is not hard to convince oneself that the present framework, in the case of stationary space-times, is essentially equivalent to the usual formalism involving a 3-dimensional manifold of trajectories. Since the stationary gravitational multipole moments of all order can be defined within this 3-dimensional formalism, it should also be possible, in principle, to define these very same moments within the present framework. However, it already seems difficult to define even the first few stationary multipoles in the present framework. Unlike the 3-dimensional formalism, the present framework is not well adapted to the presence of Killing fields. For example, to treat Killing's equation order by order yields a complicated set of remnant equations. Finding a more natural way of dealing with stationary space-times within the present framework may give some clue as to how to tame its algebraic complexity. Indeed, it may further lead to a generalization of the stationary multipoles to more general asymptotically flat space-times.
We have here restricted our consideration to conserved quantities that are linear in (the highest-order part of the remnants of) the physical fields. More generally, one might allow polynomial dependence on the remnants. A candidate for a conserved quantity quadratic in the remnants has been given by R. 
and similarly for n Bab . Now consider, for n = 0, 1, 2, ...
The integrand on the right above is divergence-free, by eqn.(A3), and so eqn.(A5) defines, for each n, a conserved quantity,
These are precisely the ordinary static electric multipole moments of the linearized gravitational field. 32 They are totally symmetric, and satisfy
where we have set h µν = η µν + ζ µ ζ ν . To prove eqn.(A7), use that 
where c 1 , ..., c 7 are certain constants, and ξ 
B.1 The Remnant Radiation Multipoles Exhaust the Conserved Quantities in Minkowski Space-time
We first show that, in the Klein-Gordon case, the K's of eqn. 
where s is the order of the highest derivative in v a Γ . We may assume w 
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We next show that, in the Maxwell case, the E's of eqn. (36) 
where s is the order of the highest derivative in v a Γ . An argument similar to the Klein-Gordon case shows that v a Γ can be brought to the form
where (D 2 + n 2 − 2)w aΓ = D a µ Γ . We may achieve µ Γ = 0 in (B2) by adding to v a Γ a divergence of an antisymmetric tensor field, namely 
Finally, we show that, in the case of linearized gravity, the G's (of eqn. (41) 
where w abΓ is symmetric and trace-free, and satisfies (
We may achieve u aΓ = 0 in (B5) by adding to v a Γ a divergence of an antisymmetric tensor field.
The result now follows from an argument similar to the Maxwell case.
B.2 Gauge Behavior of Remnant Radiation Multipoles
We here prove that the gauge behavior of the Klein-Gordon and Maxwell remnant radiation multipoles is that given respectively by eqn.s (35) and (38) .
For the Klein-Gordon case, denote by k a µ 1 ···µ n−1 the integrand of eqn.(34). Then we have
where we used, in the first step, eqn.s (34) and (29), and, in the second, the identity 
[νµ]
where we used, in the first step, eqn.s (30) and (36), and, in the second, the identity eqn. (B7) again. Integrate over a cut of H.
B.3 Completion of Proof of Theorem 6
In our proof of Theorem 6, we omitted one step: The demonstration the the s ab of eqn.(71) is indeed divergence-free. We here supply that step. We have
where, in the first step, we used the following six equations
(themselves consequences of the remnant field equations (50)- (56), (60)- (63) 
Appendix C: Gravitational Remnant Equations
In C.1 we discuss the issue of generalizing the remnant radiation multipoles from linearized to full gravitation. In C.2, we outline the derivation of gravitational remnant field equations. In C.3 we present an alternative version of the second-order gravitational remnant field equations, involving the remnants of the Weyl tensor.
C.1 Generalization of Gravitational Remnant Radiation Monopole
In Section IV, we generalized the flat-space Klein-Gordon and Maxwell remnant radiation monopoles to curved space-time. However, we have been unable to determine whether there exists a similar generalization for linearized gravity. Here is how far we have gotten.
The remnant equations for gravitation were given, up to second order, in (60)-(63). We shall need the next two orders. The third-order remnant equations are
We begin by noting that, introducing a potential h ab for the linearized gravitational field, the integrand of G µνλσ in flat space-time in eqn. (41) 
where c is any constant, and where we have set
Thisŝ abc has all the required properties, except that its divergence, instead of vanishing, includes remnants of order not exceeding 2. The issue, then, is whether one can add to thisŝ abc terms of order not exceeding two to achieve vanishing divergence. In any case, the mere existence of this fieldŝ abc lends support to the conjecture that G µνλσ admits a generalization to curved space-time. Work is in progress to settle this conjecture.
C.2 Derivation of Gravitational Remnant Field Equations
The Einstein equation gives rise to certain differential equations on the gravitational remnants, 
where D a denotes the derivative operator of the metric q ab of these surfaces, R ab its Ricci curvature, and p ab the rescaled extrinsic curvature of these surfaces, defined by
Taking the remnants of eqn.s (C8)-(C10) through fourth order, we obtain eqs. (59) 
C.3 Second Order Equations in Weyl Remnants
We first remark that, for any space-time with completion, the Weyl tensor is asymptotically 
with E ab and B ab given by eqn.(3), p ab given by eqn.(C11), and T ab given by eqn. (2) . But, by the conditions in definition 1, the right sides are smooth on M.
We next remark that the gravitational remnant equations, (60)-(63), can be written in terms of the Weyl remnants, 
where we have set ab = 0 to show that the angular momentum is conserved. As we have noted earlier, their condition is too strong.
The condition we are imposing is the necessary and sufficient condition for where S ∞ denotes a two-sphere at infinity, and x a a position vector field. When S ∞ is any twosphere cut at spatial infinity, the above integral reproduces the remnant radiation monopole K associated withφ. However, in general the integral evaluates to a different value when the two-sphere S ∞ is at null infinity. For example, letφ = (f(t + r) − f(t − r))/r, with
), x > 0, both smoothly extendible to zero. Then, when S ∞ is at spatial infinity, we have I = K = 4π[k + (0) + k − (0)], while for S ∞ any cut at future null infinity, I = 4πk + (0), and for S ∞ any cut at past null infinity, I = 4πk − (0). 
